Summary. In the first part of this report we find an exact solution for the problem of steady wave propagation in an isotropic, elastic circular bar of infinite length, free of stress on its lateral surface and loaded by a harmonic body force, parallel to its axis, whose amplitude is a Dirac delta function. The solution of this problem gives at the same time the solution for a semi-infinite bar with a special prescribed load on its boundary plane.
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Institute de Geofisica, Universidad Nacional de Mixico and Institute Nacional de la Investigation Cientifica, Mixico, D.F. (Mexico) Summary. In the first part of this report we find an exact solution for the problem of steady wave propagation in an isotropic, elastic circular bar of infinite length, free of stress on its lateral surface and loaded by a harmonic body force, parallel to its axis, whose amplitude is a Dirac delta function. The solution of this problem gives at the same time the solution for a semi-infinite bar with a special prescribed load on its boundary plane.
In the second part, we find a solution for the semi-infinite bar in which the conditions at the boundary plane are prescribed in terms of functions which give implicitly the stresses and displacements.
Finally, using a frequency of interest in current ultrasonic experimental work, we develop a numerical example and compare the result with the case of a low frequency.
1. Infinite bar with the body force &{z)e~""i. We consider an infinite circular bar of a perfectly elastic isotropic material, free of stresses on the lateral surface and loaded by the body force 8(z)e~"", where S(z) is the Dirac delta function defined by 5(z) = 0 for 2^0, f 5(2) dz = 1, J -CO and co is a positive number. The problem is that of determining the displacement at all points of the rod for the steady case (i.e. the time dependence for stresses and displacements is The general solution. For an elastic isotropic medium the equation of motion is (X + /i)V(V-u) + juV2u + PX = pu",
where u is the displacement vector; X is the body force vector, X and /1 elastic constants and p the density. Using cylindrical coordinates (r, 6, 2) as shown in Fig. 1 , we have axial symmetry (i.e. the solution is independent of 6). ♦Received Aug. 11, 1953; revised manuscript received Dec. 21, 1953 . The results presented in this paper were obtained in the course of research sponsored by the Watertown Arsenal under Contract DA-19-020-C)RD-2598 when the author was at Brown University, Providence, R. I. |Vol. XII, No. 3 Let u = V? + V X F and X = k5(3)e~'"!, where k is the unit vector in the direction of the z axis and V • F = 0.
Assuming that <p(r, z, t) = (p(r, z)e""', F(r, z, t) = F(r, z)e~iat and considering that
where S(z) is the unit step function defined as S(z) = 0 for z < 0,
and C is an arbitrary constant, we have that (1) is satisfied if
where 2 2 ,2 P" ,.2 PO> h T he formula dS(z)/dz = S(z) has been used in the past in a formal way, without rigorous justification. However, recently its validity has been proved on the basis of the theory of Distributions. The reader is referred to L. Schwartz, "Theorie des Distributions".
Using the formula V2(V X F) = -V X V X (V X F) and assuming that the only component of F that does not vanish is that in the 6 direction (which will henceforth be called F), Eq. (3) becomes: sD^l + if + *"F-°' »> while (2) written in cylindrical coordinates becomes (taking C = 0):
S(z) can be expressed as 1 r" ei(' where the path of integration is the real axis, indented to pass below the origin.
Let <p(r, z) = £ e,£V(r, 0 df, v* = tfco a
f* = B®jm,
where A (£) and B{£) must be determined from the boundary conditions. Without loss of generality we assume that the radius of the rod is 1; therefore the boundary conditions are t" = 0, <rr = 0, at r = 1. [Vol. XII, No. 3 and in terms of <p* and F*, "rx a-9 ^ _i_ x d** * o > aF*~l n _(X + 2m) -^r + X --Mr -2tfr -J ^ = 0,
Substituting (8) in (10) 4©2^J1(a)
The solution of this system of equations is
where A = £2a/3Ji(a)«/o0S) -a\k2Jx{a)Ji(J3) + ( §fc2 -£2)2J0(oi)Ji(P)-Substituting In order to compute the integrals that appear in this solution it is convenient to determine the roots of A//S = 0.
The frequency equation. The equation
where a = (h2 -£2)1/2, /3 = (fc2 -£2)1/2, known as Pochhammer's frequency equation, has been the subject of several papers*, because it gives the modes of longitudinal wave propagation in an infinite circular rod, having stress free surface (velocity of the wave = «/£; wave length = 2ir/£). In this equation, given the elastic constants, £ is a multiple-valued function of the angular frequency co. For the purpose of computing our integrals we are interested in determining all the roots of Eq. (13), corresponding to the given frequency co.
Let us consider the frequency equation (13) Since there are no roots of (13) on the axes for large | £ | it follows that there are a finite number of roots on them.
Finally, we are going to show that there are no roots in the neighborhood of the real axis (except at the axis itself). Let us denote (13) by the brief notation F® = 0; (13') this equation can be written as F(£0 + WQ-O + ... =0 (13") *As was also shown by C. W. Curtis in a private letter to the author. [Vol. XII, No. 3 and, if £2 is small enough to neglect £ , since F'(£,) ^ 0 when F(£x) = 0, and F(f,) and F'(£0 are both real, it follows that (13") can be satisfied only if f2 = 0.
Evaluation of the integrals. From now on we shall consider the solution for z > 0.
The integral r eil'
J_oo fa can easily be evaluated by using Cauchy's residue theorem.* There are three poles on the real axis: one at £ = 0, and the other two at £ = d=h; in the rest of the complex plane the integrand is regular. To satisfy the condition at infinity (outgoing waves) we choose the path of integration as shown in Fig. 2 , i.e. from £ = -Rto £ = R indented at £ = ±h and £ = 0 to pass above the real axis for £ = -h and below it for the other poles; and then from £ = R to £ = -R along a semicircle F with center in the origin.
Integrating on the chosen path and letting R -» since (by Jordan's lemma) the integral on the semicircle T goes to zero we obtain: The path goes from A to B on the real axis, indenting it at the poles to pass above the real axis for negative poles and below the axis for positive ones (the reason for this choice of the path is to satisfy the condition of "outgoing waves" at infinity); then we close the contour of integration by a family of paths r" such that lim f = 0. f /©W dt = 2« £ g(QJ0(aQr)eil" + , " , e"",
and a" = . [Vol. XII, No. 3 In a similar way the last integral of (12) can be evaluated, and we obtain:
where <© -and = [/3]j" .
Substituting (15), (16) and (17) in (12) we see that the terms in e'1" cancel and obtain:
Substituting (18) in (9) and considering the time dependence, we obtain u.{r, Z, t) (19), (20) the terms due to the complex roots have the decay factor e~°' ("a" real and positive) and for z sufficiently large, they become very small and can be neglected. As we consider the solution for smaller z, some of those terms probably must be considered (those that correspond to the poles that are closest to the real axis).
We will obtain better information about the characteristics of the solution (19), (20) in the last section where we discuss a numerical example.
To obtain the solution for z < 0 we integrate as in Fig. 3 , following the same path AB, but instead of the path BCDEA we take its reflection in the real axis. It can easily be checked that u,(r, z) = w2(r, -z), ur(r, z) = -u,(r, -z), as is to be expected byconsiderations of symmetry.
2. Semi-infinite bar. Consider the same bar as in the previous problem. The equation
(1) without body force is (X + m)V(V-u) + mV2u = pa".
We look for a steady axially-symmetric solution of Eq. (22), which satisfies the stress-free condition at the lateral surface of the bar and at the plane z = 0 is of the type ut = u,(r)e~iut, u, = ur(r)e~""
[or a, = <rI(r)e"<"', t" = rr.(r)e~""].
The solution (19), (20) of the above problem suggests that we assume:
where <p(?, z, t) = <p(r, 0e4«-»,
where £ is to be determined from boundary conditions. Substituting (23) in (22) (19), (20). Similarly we can express az and rTt in terms of the arbitrary functions B(£a).
In order to satisfy the conditions at infinity (outgoing waves of finite amplitude), in the solution (24) we must include only the terms corresponding to the roots of the frequency equation that are on the positive real axis or above the real axis.
At the plane z = 0 we can prescribe displacements or stresses by prescribing the functions £(£"). To do this we need to know the roots, £,, of the frequency equation (13). If we know only some of the roots, then for the other roots we can take /?(£") = 0. We can in this way construct solutions in which at z = 0, uz and ur are given by (24); (or crz and rrt by the corresponding formulas).
Therefore k = 2h. Let I = hy,
then the frequency equation (13) For the moment we are interested in the case of frequencies, «/2x, in the ultrasonic range which vary approximately from 5 X 106 cycles/sec. to 25 X 106 cycles/sec. To be specific we are going to consider the case w -2r X 107; furthermore we shall take r> = (X +p 2m) ' = 5 X 10s cm/sec., Table 1 . The roots on the imaginary axis closest to the real axis are at y = .159t, y = .192t.
The roots £" are 40x times the corresponding roots of (26). Substituting them in the solution (19-20) , we see that of the terms corresponding to real roots the ones with largest amplitudes are those that correspond to the roots near y = 1. If in the solution we consider only the terms corresponding to the roots in .86 < y < 1.4, we get a result with an accuracy roughly speaking, of 1%.
The terms corresponding to the imaginary roots have the decay factor g-40*|ir«|« [Vol. XII, No. 3 where the smallest value of | y, | is 0.159, and therefore such terms can be neglected in the solution, except in the neighborhood of z = 0. If we take z > 1/2, for example, we can ignore such terms. The solution, considering only the roots in the interval .86 < y < 1.4, is u,(r,z, t) = £ [TJoM + S,J0(MVli0r""-'"" 40irVt ,
where y" , a, , , T, , S, , yv , a" , , R, , Sv , M, are given in Table 2 . In this solution the amplitude of the two first terms decreases as r increases, while that of the last one increases and gives practically the only contribution near the surface of the rod. The velocity with which the wave corresponding to the last term travels is almost that of Rayleigh surface wave.
The wave lengths are
2.076 ' 2 3.540 ' 3 6.340
The wave velocities are
.105 * Figure 4 shows the displacement vector at several points of the section z = 5 cm for h = 407r and for h -3, for t an integer.
General conclusions. The solution (24) [or (19) , (20)] consists of an infinite number of terms of which all but a finite number (those corresponding to the positive real roots of the frequency equation) decay with z.
In some of the following statements we shall consider v = 1/3, but the conclusions apply to the general case.
When to (frequency) increases, the solution is changed as follows:
1) The number of waves that do not decay with z increases. For example if in the formula w = hVt we take h equal to 1, 2, 3, 3.75, • • • We obtain 1, 2, 3, 4, • • • waves, respectively. For h = 407r (ultrasonic frequency) we obtain 130 waves.
2) The rate at which the terms corresponding to the complex roots decay with z increases.
3) Since the wave lengths are given by 2x/%,-, where y{ are the positive roots of Eq. (26) which are in the interval 0 < y{ < 2.5, as w increases the wave length decreases. In our example for h = 40x, the wave length of the terms of larger amplitude is approximately 1/20, while for h = 3 it is 2ir/2.076.
4) The roots of the frequency equation (23) become closer together particularly at £ = h (y = 1) and £ = k (y = 2), and the roots near these two points correspond to waves that travel with velocities that approach F; and F, respectively as m increases. The velocity of the wave corresponding to % > k {y > 2) approaches the velocity of Rayleigh surface wave. In our example for h = 40x, the terms of larger amplitudes are those with F = Fj . 5) At a section z = constant, the displacement vector will vary in amplitude, direction and sense as r varies. Such variations become larger and faster as « increases.
(As shown in Fig. 4 ). The amplitude of the wave corresponding to the root £,• > k decreases when r decreases, and it is practically a surface wave. The amplitudes of the other waves decrease as V increases.
